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In the recent years, the effects of electrically conducting ﬂuids,
such as liquid metals, water and others on the ﬂow and heat
transfer in the presence of external magnetic ﬁeld were
discussed by many researchers [1–5]. The ﬂow and heat
transfer characteristics induced by a continuously moving sur-
face are important in industrial engineering processes such as
in the lamination and melt-spinning process, in the polymer
industry, continuous casting, and spinning of ﬁbers. The
steady boundary layer ﬂow due to a continuously moving sur-
face was ﬁrst considered by Sakiadis [6]. Thereafter, this prob-
lem was extended by a very good number of researchers [7–12]in various aspects for both Newtonian and non-Newtonian
ﬂuids. Heat transfer accompanied by melting phenomenon
has recently received considerable research attention. This is
due to large number of applications, including latent heat stor-
age, material processing, crystal growth, castings of metals,
glass industry, puriﬁcation of materials, and others. Melting
heat transfer from a ﬂat plate was investigated by Epstein
and Cho [13]. On the other hand melting from a vertical ﬂat
plate embedded in a porous medium was studied by Kazmierc-
zak et al. [14,15]. Cheng and Lin [16] discussed the melting
effect on convective heat transfer from a vertical plate in a
liquid saturated porous medium. Recently, Ishak et al. [17]
studied the heat transfer characteristic from a warm liquid to
a melting and moving surface.
However, the effect of thermal radiation on the heat trans-
fer processes is very important in high operating temperature
and has many important applications such as nuclear reactor
cooling system, gas turbines and various propulsion devices
or aircraft, missiles, satellites and space vehicles. Cogley
et al. [18] observed that the ﬂuid does not absorb its own emit-
ted radiation in the optically thin limit but absorb radiation
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porous medium bounded by a porous plate in the presence of
thermal radiation was investigated by Raptis [19]. Makinde
[20] examined the transient free convection along moving ver-
tical porous plate in the presence of thermal radiation. Ibrahim
et al. [21] discussed the effect of thermal radiation on mixed
convection ﬂow. On the other hand, the ﬂuid can be treated
as electrically conducting in the sense that it is ionized due to
the high operating temperature. Accordingly, the inﬂuence of
magnetic ﬁeld on the ﬂuid ﬂow characteristics is important
in the presence of thermal radiation. Das [22] investigated
the effect of thermal radiation on ﬂuid ﬂow over a ﬂat plate
in the presence of magnetic ﬁeld. Hayat et al. [23] studied
mixed convection MHD boundary layer ﬂow through a por-
ous medium in the presence of thermal radiation. The effects
of thermal radiation on boundary layer ﬂow and heat transfer
toward a shrinking sheet were examined by Bhattacharyya and
Layek [24]. Hayat et al. [25] discussed stretched ﬂow of Jeffrey
ﬂuid in the presence of thermal radiation.
The main purpose of the present investigation is to illus-
trate the effects of magnetic ﬁeld and thermal radiation on
steady laminar boundary layer ﬂow and heat transfer from a
warm electrically conducting ﬂuid to a melting surface moving
parallel to a constant free stream. The organization of the
paper is as follows. Section 2 discusses the mathematical for-
mulation of the problem. Numerical method is provided in
Section 3. Section 4 consists of results and discussion. The con-
cluding remarks are given in Section 5.
2. Mathematical formulation of the problem
Consider a steady laminar ﬂow of an incompressible electri-
cally conducting ﬂuid toward a moving surface melting at a
steady rate into a warm liquid of the same material with con-
stant property under the inﬂuence of a transverse magnetic
ﬁeld B
!
. The external electric ﬁeld is assumed to be zero and
the magnetic Reynolds number is assumed to be small. Hence,
the induced magnetic ﬁeld is negligible compared with the
externally applied magnetic ﬁeld so that B
!
= [0,B(x)] where
B(x) is the applied magnetic ﬁeld in the positive direction of
y-axis and varies in strength as a function of x. The ﬂow is
assumed to be in the x-direction which is taken along the mov-
ing surface and y-axis is normal to it. It is assumed that the
surface is moving with a constant velocity Uw. It is also
assumed that the temperature of the melting surface is Tm.
The liquid phase far from the plate is maintained at constant
temperature T1 where T1 > Tm. In addition, the temperature
of the solid medium far from the interface is constant and is
denoted by TS where TS < Tm.
Under the foregoing assumptions, the equations of motion
and the equation representing temperature distribution in the
liquid ﬂow must obey the usual boundary layer equations
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ð3Þwhere u, v are velocity components along x, y-axis respectively,
m is the kinematic viscosity of the ﬂuid, r is the electrical
conductivity of the ﬂuid, T is the temperature of the ﬂuid
within the boundary layer, a is the thermal conductivity of
the ﬂuid, cp is the speciﬁc heat at constant pressure p, q is
the density of the ﬂuid and qr is the radiative heat ﬂux.
The boundary conditions necessary to complete the
problem formulations are [13,17]
u ¼ UwðxÞ;T ¼ Tm for y ¼ 0
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where U1 is the free stream velocity, k is the thermal conduc-
tivity, k is the latent heat of the ﬂuid and cS is the heat capacity
of the solid surface. Eq. (5) states that the heat conducted to
the melting surface is equal to the heat of melting plus the sen-
sible heat required raising the solid surface temperature TS to
its melting temperature Tm [13].
Using the Rosseland approximation, the radiative heat ﬂux
term qr is given by
qr ¼ 
4r
3k
@T4
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where r* is the Stefan–Boltzmann constant and k* is the mean
absorption coefﬁcient. Assuming that the differences in tem-
perature within the ﬂow are such that T4 can be expressed as
a linear combination of the temperature, we expand T4 in Tay-
lor’s series about T1 and neglecting higher order terms, we get
T4 ¼ 4T31T 3T41 ð7Þ
Thus, we have
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The momentum and energy Eqs. (1)–(3) can be transformed
into the corresponding ordinary differential equations by using
the following similarity transformations:
g ¼ y
ﬃﬃﬃﬃﬃﬃﬃ
U1
mx
r
;wðx; yÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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p
fðgÞ; hðgÞ ¼ T Tm
T1  Tm ð9Þ
where g is the similarity variable, f(g) is the dimensionless
stream function and h(g) is the dimensionless temperature.
Further, w is the stream function deﬁned as u ¼ @w
@y
and
v ¼  @w
@x
, which identically satisﬁes Eq. (1).
In terms of new variables (9), Eqs. (2) and (3) can be
rewritten as:
f 000 þ 0:5ff 00 Ha2ð f 0  1Þ ¼ 0 ð10Þ
ð1þNrÞh00 þ Prfh0 ¼ 0 ð11Þ
where primes denote differentiation with respect to the similar-
ity variable g, Ha ¼ BðxÞ
ﬃﬃﬃﬃﬃﬃﬃ
rx
qU1
q
is the magnetic ﬁeld parameter,
Nr ¼ 16T
31r
3kj is the thermal radiation parameter, Pr ¼ la is the
Prandtl number. The momentum Eq. (10) and energy Eq.
(11) to have a similarity solution, the magnetic ﬁeld parameter
Ha must be a constant. Therefore, if we assume the applied
magnetic ﬁeld B(x) is proportional to x
1
2 Helmy [26], then Ha
Figure 1 Temperature proﬁles in the absence of magnetic ﬁeld
and thermal radiation.
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BðxÞ ¼ B0x12 where B0 is constant.
The corresponding boundary conditions (4) and (5) become
f 0ð0Þ ¼ e; hð0Þ ¼ 0; Pr fð0Þ þMh0ð0Þ ¼ 0;
f 0ð1Þ ¼ 1; hð1Þ ¼ 1

ð12Þ
where e ¼ Uw
U1
is the moving parameter and M is the dimension-
less melting parameter which is deﬁned as
M ¼ cfðT1  TmÞ
kþ cSðTm  TSÞ ð13Þ
It should be noted that the melting parameter M is a com-
bination of the Stefan number
cfðT1TmÞ
k and
cSðTmTSÞ
k for the
liquid and solid phases respectively.
The physical quantities of interest are the skin friction coef-
ﬁcient (rate of shear stress) Cf and the local Nusselt number
(rate of heat transfer) Nu which are important for this kind
of ﬂow. They are deﬁned as follows:
The equation deﬁning the wall shear stress is
sw ¼ l @u
@y
 
y¼0
ð14Þ
So the local skin friction coefﬁcient on the surface can be
expressed as
Cf ¼ swqu2e
¼ Re12x f00ð0Þ ð15Þ
The quantity of heat transfer through the unit area of the
surface is given by
qw ¼ j
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In practical applications, the rate of heat transfer is usually
expressed as the local Nusselt number
Nu ¼ Re12xð1þNrÞh0ð0Þ ð17Þ
where Rex ¼ U1xm is the local Reynolds number.
It is worth mentioning that in the absence of magnetic ﬁeld
parameter Ha and thermal radiation parameter Nr, the prob-
lem reduces to those considered by Ishak et al. [17].
3. Method of solution
The set of non-linear differential Eqs. (10) and (11) is highly
nonlinear and coupled and cannot be solved analytically.
The numerical solutions of Eqs. (10) and (11) subject to the
boundary conditions (12) are obtained using MATLAB BVP
solver bvp4c. The asymptotic boundary conditions in (12) at
gﬁ1 are replaced by those at a large but ﬁnite value of g
where no considerable variation in velocity, temperature etc.
occur as is usually the standard practice in the boundary layer
analysis. The procedure is repeated until we get the results up
to the desired degree of accuracy, 106.
3.1. Veriﬁcation of the results
In the absence of magnetic ﬁeld and thermal radiation, the
non-dimensional governing Eqs. (10) and (11) with the
corresponding boundary conditions (12) exactly coincide with
those (Eqs. (7)–(9)) of Ishak et al. [17]. In order to compare thepresent results with the results put forward by Ishak et al. [17],
the temperature proﬁles versus boundary layer coordinate g
have been plotted in Fig. 1 for various values of melting
parameter M in the absence of magnetic ﬁeld and thermal radi-
ation and taking Pr = 1 and e= 0.2. It is observed that the
results agree very well with those of Ishak et al. [17].
4. Numerical results and discussion
The effect of melting phenomenon, magnetic ﬁeld and thermal
radiation on the velocity and temperature distribution is
depicted in Fig. 2–13 whereas the values of skin friction
coefﬁcient and local Nusselt number are presented in Table 1.
In the present study, numerical computations are carried out
for Pr = 1 while M, Ha, e and Nr are varied over a range
which are listed in the ﬁgure legends.
4.1. Effect of melting parameter M
The effect of the melting parameter M can be understood from
the variation in the streamwise velocity component f 0(g) with
the similarity independent variable g as illustrated in Figs. 2
and 3. Since the present problem code has been solved at a spe-
ciﬁc location on the wall, a large value of g is relevant to a
location far from the surface at a speciﬁed x-coordinate. It is
observed from Fig. 2 that the ﬂuid velocity enhances with
the increase in the melting parameter M within the boundary
layer region, when the moving parameter e(>0), and satisﬁes
the far ﬁeld boundary conditions (12) asymptotically, thus sup-
porting the validity of the numerical results obtained. This
increases the boundary layer thickness and as a result, the local
velocity also accelerates. This happens due to the movement of
the solid surface and the free stream in the same directions. But
the reverse effect occurs for M when the moving parameter
e(<0). Figs. 4 and 5 depict the effect of the melting parameter
M on temperature distribution for moving surface. The dimen-
sionless temperature proﬁles h(g) increase monotonically from
Tm (i.e. h= 0) at the surface to T1 (i.e. h= 1) at inﬁnity. With
increase in the melting parameter M the temperature h(g)
decreases across the boundary layer for both values of the
moving parameter e> 0 and e< 0. Consequently, more
intense melting tends to thicken the thermal boundary layer.
Table 1 depicts the effect of the melting parameter M on the
skin friction coefﬁcient and the local Nusselt number. It is
Figure 2 Velocity proﬁles for various values ofM when e= 2.0,
Nr = 0.5, Ha = 0.2.
Figure 3 Velocity proﬁles for various values of M when
e= 2.0, Nr = 0.5, Ha = 0.2.
Figure 4 Temperature proﬁles for various values of M when
e= 2.0, Nr = 0.5, Ha = 0.2.
Figure 5 Temperature proﬁles for various values of M when
e= 2.0, Nr = 0.5, Ha = 0.2.
Figure 6 Velocity proﬁles for various values of Ha when e= 2.0,
Nr = 0.5, M= 1.0.
Figure 7 Velocity proﬁles for various values of Ha when
e= 2.0, Nr = 0.5, M= 1.0.
1210 K. Dasobserved from the table that as M increases, the skin friction
coefﬁcient (in absolute sense) decreases. On the other hand,
the local Nusselt number is negative for all values of M, as
expected. Negative value of Nu indicates heat ﬂow from the
ﬂuid to the solid surface. This fact is obvious since the ﬂuid
is hotter than the solid surface. Further, it is worth noticing
from table that the local Nusselt number (in absolute sense)
is higher in the absence of melting than in the presence of melt-
ing effect. Thus, increasing the melting parameter M decreases
the heat transfer rate at the solid–ﬂuid interface. These results
are found to be identical to the results of Ishak et al. [17].4.2. Effect of magnetic ﬁeld parameter Ha
The inﬂuence of magnetic ﬁeld parameter Ha on the velocity
distribution of a conducting ﬂuid is presented in Figs. 6 and
7. As the parameter value of Ha increases in the presence of
thermal radiation and moving surface, the ﬂow rate retards
and thereby leads to a decrease in the velocity proﬁles as
shown in ﬁgures. The reason behind this phenomenon is that
application of magnetic ﬁeld to an electrically conducting ﬂuid
gives rise to a resistive type force called the Lorentz force. This
Figure 8 Temperature proﬁles for various values of Ha when
e= 2.0, Nr = 0.5, M= 1.0.
Figure 9 Temperature proﬁles for various values of Ha when
e= 2.0, Nr = 0.5, M= 1.0.
Figure 10 Velocity proﬁles for various values of Nr when
e= 2.0, Ha = 0.2, M= 1.0.
Figure 11 Velocity proﬁles for various values of Nr when
e= 2.0, Ha = 0.2, M= 1.0.
Figure 12 Temperature proﬁles for various values of Nr when
e= 2.0, Ha = 0.2, M= 1.0.
Figure 13 Temperature proﬁles for various values of Nr when
e= 2.0, Ha = 0.2, M= 1.0.
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ducting ﬂuid in the boundary layer. Figs. 8 and 9 illustrate
the temperature distribution for various values of the magnetic
ﬁeld parameter Ha. It is observed that the ﬂuid temperature is
minimum near the boundary layer region and it increases on
increasing boundary layer coordinate g to approach the free
stream value. For the electrically conducting ﬂuid, the temper-
ature decreases uniformly on increasing Ha in the presence of
thermal radiation and for e> 0 and, as a consequence, thick-
ness of the thermal boundary layer decreases. On the other
hand, when the solid surface and free stream move in oppositedirections, i.e., when e< 0, the ﬂuid temperature decreases
drastically in the presence of the magnetic ﬁeld, as shown in
Fig. 9.
Table 1 predicts the inﬂuence of magnetic ﬁeld parameter
Ha on the skin friction coefﬁcient and heat transfer rate in
the presence of the thermal radiation. It may be remarked
from the table that the skin friction coefﬁcient increases with
the increase in magnetic ﬁeld parameter Ha in the presence
of melting when the solid surface and free stream move in
the same direction, i.e., when e> 0, whereas an opposite effect
can be observed for skin friction coefﬁcient when e< 0. An
increase in the values of the magnetic ﬁeld parameter Ha
Figure 15 Velocity proﬁles for various values of e(<0) when
Ha = 0.2, M= 1.0, Nr = 0.5.
Table 1 Effects of e, M, Nr and Ha on Cf and Nu.
e M Nr Ha Cf Nu
2.0 0.0 0.5 0.2 1.434290 1.165641
1.0 1.056146 0.845626
2.0 0.859014 0.679126
1.0 0.0 1.018122 0.626344
0.5 1.087240 1.027126
1.0 1.133311 1.322133
0.5 0.0 0.684993 0.889336
0.2 1.056141 0.845626
0.4 1.383031 0.802658
0.2 0.0 0.5 0.2 0.198220 0.317664
1.0 0.119974 0.190109
2.0 0.094834 0.140986
1.0 0.0 0.125195 0.116403
0.5 0.116827 0.266503
1.0 0.113107 0.423814
0.5 0.0 0.228420 0.295695
0.2 0.169974 0.190109
0.4 0.125747 0.164744
1212 K. Dasresults in the reduction of heat transfer rate (in absolute sense)
on the moving surface for both e> 0 and e< 0. It is worth
mentioning that the presence of magnetic ﬁeld produces smal-
ler values of the Nusselt number (in absolute sense) compared
with the values when the magnetic ﬁeld is absent.
4.3. Effect of thermal radiation parameter Nr
The impact of the thermal radiation parameter Nr in the
presence of the magnetic ﬁeld on the velocity proﬁles of an
electrically conducting ﬂuid for a moving surface is presented
in Figs. 10 and 11. It can be easily seen from ﬁgure that the
ﬂuid velocity decreases as the boundary layer coordinate g
increases for a ﬁxed value of Nr and e> 0 but the effect is
opposite for e< 0. For a ﬁxed non-zero value of g, the velocity
distribution across the boundary layer decreases with increase
in values of Nr. The physics behind this is that the increased
radiation decreases the thickness of the momentum boundary
layer, which ultimately reduces the velocity. The effect of
thermal radiation parameter Nr on the ﬂuid temperature is
illustrated in Figs. 12 and 13. From Fig. 12 it can be seen that
the temperature distribution decreases uniformly withFigure 14 Velocity proﬁles for various values of e(>0) when
Ha = 0.2, M= 1.0, Nr = 0.5.increasing thermal radiation parameter in the presence of
magnetic ﬁeld and so the thickness of the thermal boundary
layer decreases. Fig. 13 shows the pattern of the temperature
distribution for different values of the thermal radiation
parameter Nr. It can be observed that the temperature of the
ﬂuid decreases as Nr increases far away from the plate but
the effect is not signiﬁcant adjacent to the surface of the plate.
The inﬂuence of thermal radiation parameter Nr on the
skin friction coefﬁcient and the Nusselt number is presented
in tabular form in Table 1. An increase in the values of the
thermal radiation parameter Nr results in the reduction of
the skin friction coefﬁcient but the effect is negligible. It is seen
that the absolute value of the temperature gradient at the
surface is higher for higher values of the thermal radiation
parameter Nr and heat transfer rate from the surface enhances
due to the presence of thermal radiation.
4.4. Effect of moving parameter e
Figs. 14 and 15 depict the effect of e on velocity proﬁles of an
electrically conducting ﬂuid in the presence of transverse
magnetic ﬁeld. The results show that the momentum boundary
layer thickness increases with increasing the values of moving
parameter. Figs. 16 and 17 highlights the inﬂuence of moving
parameter on temperature proﬁles in the boundary layer
region in the presence of thermal radiation. It is found from
these plots that the ﬂuid temperature enhances for bothFigure 16 Temperature proﬁles for various values of e(>0)
when Ha = 0.2, M= 1.0, Nr = 0.5.
Figure 17 Temperature proﬁles for various values of e(<0)
when Ha = 0.2, M= 1.0, Nr = 0.5.
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mal boundary layer increases.
5. Conclusions
In this work, the melting effect on MHD boundary layer ﬂow
of an incompressible electrically conducting ﬂuid with thermal
radiation near the moving surface is investigated numerically.
Following conclusion can be drawn from the present
investigation:
 Increasing the magnetic ﬁeld and the thermal radiation
parameter leads to deceleration of the ﬂuid velocity but
the effect is reverse for the melting parameter when the solid
surface and the free stream move in the same direction.
 The ﬂuid temperature and the thermal boundary layer
thickness decrease for increasing thermal radiation, melting
parameter and magnetic ﬁeld whereas reverse effect occurs
for moving parameter.
 It is seen that the skin friction coefﬁcient decreases with the
increase in the melting parameter, whereas the effect is
opposite for magnetic ﬁeld and the thermal radiation
parameter when the solid surface and the free stream move
in the same direction.
 Moreover, it is observed that with increase in the melting
strength and magnetic ﬁeld, rate of heat transfer at the
solid–ﬂuid interface decreases but the reverse effect occurs
for the thermal radiation.
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